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We develop a general framework for the steady-state response of dissipative quantum systems.
We concretely derive three different, but equivalent, forms of the quantum response function. We
discuss for each of them the role of the noncommutativity of quantum operators and establish
links to the Kubo response theory for closed quantum systems. We show in particular that the
equilibrium response vanishes for perturbations that commute with the unperturbed Hamiltonian
while the steady-state response does not, highlighting the profound difference between the two.
Response theory is a cornerstone of statistical physics.
For equilibrium systems, the fluctuation-dissipation the-
orem connects the response to a weak external pertur-
bation to the unperturbed correlation function between
spontaneous fluctuations [1–3]. It offers a powerful tool
to analyze general transport properties in numerous ar-
eas, from hydrodynamics to many-body and condensed-
matter physics [4–7]. The fluctuation-dissipation rela-
tion has been derived for classical and closed quantum
systems [4–7]. It is known to break down for nonequilib-
rium systems when detailed balance is not obeyed.
In the past decade, the fluctuation-dissipation theo-
rem has been successfully generalized to classical sys-
tems in nonequilibrium steady states. Different theoret-
ical formulations have been put forward [8–13], based,
for instance, on the Fokker-Planck equation [8], the over-
damped Langevin dynamics [9–11], the Hatano-Sasa fluc-
tuation theorem [12], or the dynamical activity [13].
Some of these modified fluctuation-response relations
have been verified experimentally using colloidal parti-
cles in a toroidal optical trap [14–17].
Recently, Seifert and Speck have introduced a classifi-
cation of steady-state fluctuation-dissipation theorems in
the framework of stochastic thermodynamics, thus ratio-
nalizing previous methods that lead to apparently differ-
ent results [18] (see also Ref. [19]). Using a classical mas-
ter equation approach, they have identified three main
equivalence classes: the first variant contains a correla-
tion function that involves no time derivatives (only func-
tions of the steady-state distribution), the second variant
is the unique form expressed in terms of time derivatives
(of the stochastic entropy), whereas the last variant is
the only one not requiring the explicit knowledge of the
steady-state distribution. Infinitely many alternatives
may be constructed via normalized linear combinations of
the latter. All these variants yield the same response and
are thus equivalent. However, the existence of different
types of fluctuation-dissipation relations offers significant
theoretical and experimental advantages. Theoretically,
one kind of fluctuation-response theorem is usually eas-
ier to compute than the others, depending on the con-
crete application. At the same time, the choice of the
form crucially affects the accuracy of the experimental
determination of the nonequilibrium response function,
as shown in Ref. [16]. Few attempts to extend steady-
state fluctuation-dissipation theorems to open quantum
systems have been presented [20–22]. However, a com-
plete and unified picture is missing.
In this paper, we derive equivalence classes for gen-
eralized steady-state fluctuation-dissipation relations for
open quantum systems using Markovian quantum Liou-
ville equations. We discuss the role of the noncommu-
tativity of quantum operators and establish links to the
Kubo response theory for closed quantum systems with
unitary dynamics. To illustrate our unifying formalism,
we analytically compute the response function to a step
perturbation for an open quantum system consisting of
two weakly coupled harmonic oscillators, each interact-
ing with a bath at a different temperature. This model
describes the coupling of a radiation mode with a vibra-
tional mode in cavity optomechanics [23], of two Bose
condensates in bosonic Josephson junctions [24], as well
as the weak coupling limit of the Dicke Hamiltonian [25].
The stationary state corresponds to an equilibrium state
when the two temperatures are equal and to a nonequilib-
rium steady state when they are not. We use this model
to stress the difference between classical and quantum re-
sponses, as well as between equilibrium and steady-state
responses. Remarkably, we show that the equilibrium re-
sponse function vanishes for perturbations that commute
with the unperturbed Hamiltonian, whereas the steady-
state response function does not. This underlines the
profound disparity between equilibrium and nonequilib-
rium quantum response theories.
Quantum equivalence classes. We begin by deriving
general equivalence classes for steady-state quantum re-
sponse functions. We consider open quantum systems
with Hamiltonians of the form H(t) = H0 + ε(t)HI ,
where H0 is the unperturbed Hamiltonian and ε(t)HI
the Hamiltonian perturbation with small time-dependent
parameter ε(t). We describe the open dynamics of the
systems with density operator ρ(t) using the Markovian
quantum Liouville equation dtρ(t) = Lρ(t) [6]. We ex-
pand the Liouville superoperator L to first order in ε(t) as
L = L0+ε(t)L1+O(ε2). The dynamics is thus separated
into an unperturbed part, L0· = −(i/~)[H0, ·] + D[·],
where D is the dissipator induced by the nonunitary cou-
pling to the bath [26], and a perturbed part ε(t)L1· =
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2−(iε(t)/~)[HI , ·]. For fixed ε, we assume the existence
of a stationary state piε = pi0 + εpi1 such that Lpiε = 0.
Starting with the unperturbed steady state pi0, the lin-
ear response of the density operator ρ(t) = pi0 + ρ1(t)
to a time-dependent perturbation ε(t) may be written as
ρ1(t) =
∫ t
0
ds ε(s)eL0(t−s)L1pi0, where eL0(t−s) is the evo-
lution superoperator of the unperturbed system H0 [6].
The response of any observable of interest A may then
be calculated to linear order as,
〈A〉ε(t) = 〈A〉+
∫ t
0
ds ε(s)Tr
{
AeL0(t−s)L1pi0
}
= 〈A〉+
∫ t
0
ds ε(s)R(t− s). (1)
Here 〈A〉ε(t) = Tr{Aρ(t)} denotes the perturbed expec-
tation value of A and 〈A〉 = Tr{Api0} the corresponding
unperturbed expectation value. The response function is
given by R(τ) = Tr{AeL0τL1pi0} with τ = t− s. Equa-
tion (1) provides the basis for our quantum extension of
the three equivalence classes identified in Ref. [18].
Class one. The first form R1(τ) of the quantum re-
sponse function is expressed as a correlation function
with an observable B1 = (L1pi0)/pi0. It follows from
Eq. (1) by introducing the adjoint time evolution of the
unperturbed dynamics A(τ) = AeL0τ [26] and reads,
R1(τ) = 〈A(τ)B1〉 = 〈A(τ)(L1pi0)/pi0〉 . (2)
Expression (2) is a quantum generalization of the re-
sponse function derived in Ref. [8] and is often referred
to as Agarwal-form for this reason [18, 19]. This form
readily shows that for a thermal stationary distribution,
pi0 = exp(−βH0)/Z0, with Z0 the partition function, the
quantum response vanishes when the perturbation com-
mutes with the unperturbed Hamiltonian, [HI , H0] = 0.
This is not necessarily the case for a quantum nonequi-
librium steady state, as we will discuss in detail below.
This variant of the fluctuation-response theorem is dis-
tinguished by the fact that it contains only state variables
and no time derivatives. Its drawback is that the observ-
able B1 involves the stationary distribution pi0, which is
not always explicitly known in concrete situations.
Class two. In the classical regime, the second vari-
ant is written in terms of the time derivative of the
ε-derivative of the stochastic entropy of the system,
∂εSε|0 = −∂ε lnpiε|0 = −pi1/pi0, along single trajecto-
ries [8, 18]. We obtain the second form R2(τ) of the
quantum response function by noting that the station-
ary state of the Liouvillian has to vanish at every order,
(L0+εL1)(pi0+εpi1) = L0pi0+ε(L1pi0+L0pi1)+O(ε2) = 0.
As a result, L0pi0 = 0 and L1pi0 = −L0pi1. Since L0 is the
generator of the open dynamics, we have eL0(t−s)L0ρ =
dte
L0(t−s)ρ = dτeL0τρ = −dseL0(t−s)ρ. The response
function in Eq. (1) may therefore be rewritten as,
R2(τ) = −Tr {A(τ)L0pi1} = −dτ 〈A(τ)pi1/pi0〉 , (3)
In the limit of closed quantum systems at equilibrium,
Eq. (3) reduces to the Kubo quantum response func-
tion, RK1(τ) = −βdτ 〈A(τ)H˜I〉, since pi1/pi0 = βH˜I =∫ β
0
dλe−λH0HIeλH0 is the Kubo transform of HI [3]. The
advantage of the Kubo transformation is that it allows
to formulate classical and quantum equilibrium response
functions in the same form by simply replacing an opera-
tor by its corresponding transform. Such a procedure can
be carried over to steady-state response functions. In or-
der to bring Eq. (3) in a form similar to the classical case,
we first introduce a generalized Kubo transformation:
Using the identity ∂εpiε =
∫ 1
0
piλε (∂ε lnpiε)pi
1−λ
ε dλ, which
holds for any density operator [29], we obtain, for ε = 0,
∂εpiε|0/pi0 =
∫ 1
0
piλ0 (∂ε lnpiε)|0pi−λ0 dλ =: ∂ε lnpiε|0, where
we have defined the transform ∂ε lnpiε|0 of ∂ε lnpiε|0 . The
latter reduces to the usual Kubo transform for a thermal
state, piε = e
−β(H0+εHI)/Zε. We accordingly find,
R2(τ) = −dτ
〈
A(τ)∂ε lnpiε|0
〉
= dτ
〈
A(τ)∂εSε|0
〉
, (4)
where we have introduced the quantum analog of the
stochastic entropy Sε = − lnpiε. Noting furthermore that
two-time correlation functions for open quantum systems
are defined as 〈A(t)B(s)〉 = Tr{AeL0(t−s)BeL0sρ(0)}
[26, 27], we obtain, with ρ(0) = pi0 and dse
L0spi0 = 0,
R2(τ) = −ds
〈
A(τ)∂εSε|0
〉
= −
〈
A(t)ds∂εSε(s)|0
〉
.
(5)
Formula (5) is a quantum extension of the response func-
tion of Refs. [8, 18]. The results presented in Refs. [21, 22]
are related to this variant [28]. It can be formally written
in Liouville space as a correlation function with the ob-
servable B2(s) = −ds∂εSε(s)|0. In general, for noncom-
muting operators, ∂ε ln (pi0 + εpi1)|0 6= pi1/pi0, implying
that ∂εSε 6= ∂εSε. Consequently, the quantum response
function (5) cannot be written in terms of the stochas-
tic entropy, −〈A(t)ds∂εSε(s)|0〉, as in the classical limit,
unless [pi0, pi1] = 0 [32]. The variant (5) is the only one
where the response function is given as a correlation func-
tion with a time derivative of a state variable, namely
the formal time derivative of the generalized Kubo trans-
formed ε-derivative of the stochastic entropy, ∂εSε|0.
Let us additionally mention that there is an alterna-
tive way of writing the quantum response function (5)
without using any correlation function. We indeed have,
R2,alt(τ) = −dτ∂εTr {A(τ)pi} 0 = −dτ∂ε 〈A(τ)〉ε 0, (6)
where 〈A(τ)〉ε = Tr{A(τ)piε} 6= 〈A〉ε(τ) is the per-
turbed expectation value of the observable A(τ) = AeL0τ
evolved via the unperturbed dynamics. This form offers
an intuitive interpretation of dynamic response theory:
at any fixed time, ∂ε 〈A(τ)〉ε ε=0 can be seen as the static
susceptibility, that is, the static response of the system
to the external perturbation [6]. The dynamic response
function (6) then follows as the time derivative of the
3λ,ε
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FIG. 1. Steady-state model. Two quantum harmonic oscilla-
tors are weakly coupled to each other with coupling strength
λ. Each of them interacts with a bath with a different tem-
perature Tj , (j = 1, 2). A nonequilibrium steady state is
established when the two temperatures are different and heat
flows from one oscillator to the other. We examine the re-
sponse of oscillator 1 when the coupling is modulated by ε(t).
time-dependent susceptibility. This form often enables a
simple evaluation of the response function (see below).
Class three. Classically, the third form is the unique
one that does not explicitly involve the stationary dis-
tribution [13, 18]. This type of fluctuation-response re-
lation is therefore of advantage when the steady-state
distribution is not specifically known. Within our quan-
tum Hamiltonian perturbation approach, such a variant
may be derived from Eq. (2) by realizing that L1· =
−(i/~)[HI , ·]. We then obtain,
R3(τ) = i~Tr {pi0 [HI , A(τ)]} = −〈L1A(τ)〉 . (7)
In contrast to Eqs. (2)-(6), the response function (7) is
given as an expectation value of operators that do not ex-
plicitly depend on either pi0, pi1 or piε (see also Ref. [20] for
an alternative approach). In the limit of unitary quan-
tum systems at equilibrium, Eq. (7) reduces to the Kubo
quantum response function RK2(τ) = (i/~)〈[HI , A(τ)]〉
[3]. Interestingly, expression (7) indicates that the quan-
tum response function vanishes when the time evolved
observable A(τ) commutes with the perturbation Hamil-
tonian HI . This form further shows that the quantum
response function is equal to the expectation value of the
imaginary part of the correlation function 〈A(τ)HI〉 =
〈A(τ)HI+HIA(τ)〉/2+i〈[A(τ), HI ]/i〉/2 for an nonequi-
librium steady state, as in the unitary limit [3].
Example. Our results are applicable to general open
quantum systems. As an illustration, we now consider a
system consisting of two weakly coupled harmonic oscilla-
tors, each interacting with its own reservoir at a different
temperature (Fig. 1). By properly tuning the param-
eters of the system, this model allows one to compare
different response regimes: unitary/dissipative, equilib-
rium/steady state and classical/quantum. In particular,
a nonequilibrium steady state is established when the
two bath temperatures are different. The (unperturbed)
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FIG. 2. Quantum response of the (dimensionless) energy of
the first oscillator, 〈A〉ε(t) − 〈A〉, with A = β1~ω1a†1a1, to a
step perturbation, ε(t) = εΘ(t), of the coupling between the
two harmonic oscillators. The steady-state response (λ 6= 0)
(blue solid), Eq. (11), asymptotically approaches the per-
turbed value (green dotted). By contrast, the equilibrium
response (λ = 0) (black dotted-dashed) vanishes and the uni-
tary response (γ = 0) (red dashed), Eq. (12), keeps oscillating
and fails to reach the perturbed value of the observable A. Pa-
rameters are ω1 = 2.4, δ = 10.1, γ = 0.7, λ = 5, ε = 0.11,
β1 = 0.092 and β2 = 0.0008.
Hamiltonian of the system is [23–25],
H0 = ~ω1a†1a1 + ~(ω1 + δ)a
†
2a2 + ~λ(a1a
†
2 + a
†
1a2), (8)
where (a†j , aj) (j = 1, 2) are the ladder operators of the
oscillators with respective frequencies ω1 and ω2 = ω1+δ
(with detuning δ). The coupling parameter is denoted by
λ. The (unperturbed) Liouville superoperator reads [31],
L0· = −(i/~)[H0, ·] +
2∑
j=1
Dj [·], (9)
with the two nonunitary dissipators Dj induced by the
interaction with the heat reservoirs,
Dj [ρ] = γ(nj + 1)
[
ajρa
†
j −
1
2
(
a†jajρ+ ρa
†
jaj
)]
+ γnj
[
a†jρaj +
1
2
(
aja
†
jρ+ ρaja
†
j
)]
. (10)
Here nj = [exp(βjωj) − 1]−1 is the thermal occupation
number at inverse temperature βj and γ is the damping
constant. For concreteness, we apply a step perturbation
ε(t)HI = ~ε(t)(a1a†2 + a
†
1a2), with ε(t) = εΘ(t), to the
coupling between the harmonic oscillators and look at
the response of the (dimensionless) energy of the first os-
cillator, A = β1~ω1a†1a1. We note that the unperturbed
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FIG. 3. Steady-state response of the (dimensionless) energy
of the first oscillator, 〈A〉ε(t) − 〈A〉, with A = β1~ω1a†1a1,
to a step perturbation, ε(t) = εΘ(t), of the coupling be-
tween the two harmonic oscillators. The quantum response
(β1~ω1  1) (blue solid), Eq. (11), asymptotically approaches
the perturbed value (green dotted). By contrast, the classical
response (β1~ω1  1) (purple dashed), Eq. (13) although pro-
portional to the quantum response fails to reach the perturbed
value of the observable A. Parameters are ω1 = 2.4, δ = 10.1,
γ = 0.7, λ = 2.3, ε = 0.11, β1 = 0.164 and β2 = 0.416.
system is in a thermal state for λ = 0 and in a nonequi-
librium steady state for λ 6= 0. The two quantum oscil-
lators are moreover closed with unitary dynamics in the
absence of damping, γ = 0. Finally, the classical regime
is achieved in the high-temperature limit βj~ωj  1.
We determine the quantum response function using the
forms (6) and (7). To this end, we first evaluate the
steady-state density operator of the system and then cal-
culate the time dependence of the observable A. Due
to the quadratic nature of the Hamiltonian, it is con-
venient to employ the Gaussian characteristic function
χ(x1, p1, x2, p2) = exp(i ~P ~¯y − ~PT σ¯ ~P/2) of the system,
with coordinate vector ~P = (x1, p1, x2, p2)
T , symplectic
mean vector ~¯y and covariance matrix σ¯ to compute the
stationary distribution [31]. The time evolution of A is
obtained via matrix exponentiation. We find [32],
R3(τ) = iβ1~ω1〈[a1a†2 + a†1a2, a†1a1(τ)]〉
= e−γτ
γ(δ2 + 4λ2 cos zτ) + (γ2 + δ2)z sin zτ
z2(γ2 + z2)(2λ∆nβ1~ω1)−1
= −β1~ω1dτ∂ε
〈
a†a(τ)
〉 |ε=0 = R2,alt(τ),
(11)
where ∆n = n2 − n1 and z =
√
δ2 + 4λ2. The two dif-
ferent forms R2,alt(τ) and R3(τ) thus yield the same
result, as expected. However, this is not obvious from
their definitions (6) and (7), since R2,alt(τ) displays a
ε-dependence, while R3(τ) does not.
Three different response regimes may be distinguished,
as can be seen in Figs. 2 and 3 that represent the response
difference, 〈A〉ε(t) − 〈A〉 for various system parameters:
(i) In the thermal limit λ→ 0, the unperturbed quantum
oscillator is in an equilibrium state and the quantum re-
sponse function (11) vanishes (black dotted-dashed line).
By contrast, the steady-state response is different from
zero (blue solid line) and approaches the perturbed sta-
tionary value at large times (green dotted line). This
example emphasizes the fundamental difference between
equilibrium and steady-state quantum response theories.
The response function can actually be used to distinguish
thermal and nonthermal states via their different behav-
ior for a perturbation that commutes with H0 for δ = 0
[32]. (ii) In the unitary limit γ = 0, when the interaction
with the two heat reservoirs is switched off, the quantum
response function (11) reduces to,
Runitary(τ) = 2λ∆nβ1~ω1 δ
2
z3
sin zτ. (12)
We observe (Fig. 2) that the perturbed observable (red
dashed line) exhibits in this situation oscillations with the
same oscillation period as in the nonunitary case (γ 6= 0)
(blue solid line). However, it never reaches its perturbed
value (green dotted line) due to the absence of external
damping. (iii) Finally, in the classical limit, βj~ωj  1,
the Bose distribution reduces to the Boltzmann distribu-
tion and the response function (11) simplifies to,
Rclassical(τ) = β1ω1 − β2ω2
β2ω2
R3(τ)
∆nβ1~ω1
. (13)
The classical response function (13) is hence proportional
to the quantum response function (11). However, it pre-
dicts the wrong perturbed value of the observable A (pur-
ple dotted line in Fig. 3), stressing the difference between
classical and quantum response theories.
Conclusions. We have performed an extensive study of
the nonequilibrium steady-state response of open quan-
tum systems described by Markovian Liouville equations.
We have concretely derived quantum extensions of the
equivalence classes for classical response functions intro-
duced in Ref. [18]. We have for each of them analyzed
the role of noncommuting operators and identified condi-
tions under which the quantum response vanishes when
some operators commute. We have further shown that
the second quantum form cannot be written in terms of
the stochastic entropy of the system, as in the classical
case, but instead in terms of the generalized Kubo trans-
form of the latter. We have additionally established that
the second and third quantum variants are nonunitary
extensions of the familiar Kubo response functions to
which they reduce in the limit of closed quantum systems
at equilibrium. We have finally illustrated our results
with an analytically solvable model of two weakly cou-
pled open quantum harmonic oscillators and compared
various response regimes including unitary/dissipative,
equilibrium/steady state, and classical/quantum limits.
5We have shown, in particular, that the equilibrium quan-
tum response can vanish in instances where the steady-
state quantum response does not. Our findings not only
provide a unified picture of nonequilibrium quantum re-
sponse theory, they also offer different, but equivalent,
approaches to evaluate steady-state response functions,
depending on the specific problem considered.
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6SUPPLEMENTAL MATERIAL
Properties of the second from. We here show that the
response function R2(τ), Eq. (5), vanishes for a thermal
state when [pi0, pi1] = 0. For commuting distributions,
we indeed have ∂ε ln(pi0 + εpi1)|0 = pi1/pi0. Moreover, for
a thermal state piε ∝ e−β(H0+εHI), the operator pi1 can
be given explicitly via the Kubo transform, pi1 ∝ H˜Ipi0
(see Eq. (7.12) in Ref. [6]). As a result, the condition
[pi0, pi1] = 0 implies that [H0, HI ] = 0 since the Kubo
transform βH˜I =
∫ β
0
dλe−λH0HIeλH0 consists of expo-
nentials that are proportional to H0. Equation (2) then
shows that L1pi0 = 0 and that the response thus vanishes.
In the unitary limit, the formal identity in Liou-
ville space for the correlation function (5) becomes
one at the operator level in Hilbert space. In that
case, the unitary time-evolution operators AeL0t =
U†(t, 0)AU(t, 0) = A(t) can be used to obtain the Heisen-
berg representation of the generalized stochastic entropy{
U†(t, s)AU(t, s)BU(s, 0)ρ(0)U†(s, 0)
}
= 〈A(t)B(s)〉.
The latter equality gives the observable −ds∂εSε|0(s) a
meaning in Hilbert space.
Calculations for the coupled-oscillator model. We
first determine the steady-state solution by introduc-
ing following Ref. [31] the symmetric characteristic func-
tion χ(α1, α2) = 〈D1(α1) ⊗ D2(α2)〉, where Di(αi) =
exp(αia
†
i −α∗i ai) is the displacement operator. The sym-
metric moments are directly obtained by differentiation,
〈a†ki alj〉s =
dk
dαki
dl
(−α∗j )l
χ(α1, α2)|α1=α2=0, (14)
where 〈·〉s is the expectation value of the symmetrized
version of the operators a†ki a
l
j . The equation for the
characteristic function can be derived from the quantum
Liouville equation by using,
d
dt
χ(α1, α2) = Tr{D1(α1)⊗D2(α2)ρ˙}, (15)
together with the identities,
Dia
†
i =
(
−α
∗
i
2
+
d
dαi
)
Di, Diai =
(
−αi
2
− d
dα∗i
)
Di,
a†iDi =
(
α∗i
2
+
d
dαi
)
Di, aiDi =
(
αi
2
− d
dα∗i
)
Di. (16)
We then obtain the differential equation,
dχ
dt
=

2∑
j=1
[
ωj
(
xj
d
dpj
− pj d
dxj
)
− γj
2
(2nj + 1)
(
x2j + p
2
j
)− γj
2
(
xj
d
dxj
+ pj
d
dpj
)]
+ λ
(
x2
d
dp1
− p2 d
dx1
+ x1
d
dp2
− p1 d
dx2
)}
χ, (17)
with xi = (a
†
i + ai)/
√
2 and pi = i(ai − a†i )/
√
2, as
well as αi = xi + ipi and d/dαi = (d/dxi − id/dpi)/2.
Equation (17) can be be solved by using the Gaus-
sian ansatz χ(x1, p1, x2, p2) = exp(i ~P ~¯y − ~PT σ¯ ~P/2) with
~P = (x1, p1, x2, p2)
T and ~¯y = (y¯1, z¯1, y¯2, z¯2)
T . Using
Eq. (14), the variables (y¯i, z¯i) and the matrix σ¯ can be
related to the average quadratures and the covariance
matrix σ via,
〈xi〉 = z¯i√
2
, 〈pi〉 = − y¯i√
2
(18)
σxixj =
1
2
σ¯pipj , σpipj =
1
2
σ¯xixj , σxipj = −
1
2
σ¯xjpi(19)
The steady-state solution is given by vanishing first mo-
ments, 〈x1,2〉 = 〈p1,2〉 = 0, and the covariance matrix,
σ = ζ

D + n1 +
1
2 0 −δC −γC
0 D + n1 +
1
2 γC −δC−δC γC D + n2 + 12 0−γC −δC 0 D + n2 + 12
 , (20)
with the three parameters,
ζ =
γ2 + δ2
4λ2 + γ2 + δ2
, (21)
D =
2λ2(n1 + n2 + 1)
γ2 + δ2
, (22)
C =
λ(n1 − n2)
γ2 + δ2
. (23)
The time evolution of the observable of interest
A is obtained by solving the adjoint master equa-
tion by finding operators that form a closed set
of linear differential equations [26]. For the con-
sidered quadratic system, these operators are given
by ~v(t)T =
(
a†1a1(t), a
2
1(t), a
†2
1 (t), a
†
2a2(t), a
2
2(t), a
†2
2 (t),
a1a2(t), a1a
†
2(t), a
†
1a2(t), a
†
1a
†
2(t)
)
. They obey the ensem-
ble of linear differential equations,
d
dt
~v(t) = M~v(t) + ~w. (24)
with ~w = (n1γ, 0, 0, n2γ, 0, 0, 0, 0, 0, 0). The matrix M
explicitly reads,
7M =

−γ 0 0 0 0 0 0 iλ −iλ 0
0 −2iω1 − γ 0 0 0 0 −2iλ 0 0 0
0 0 2iω1 − γ 0 0 0 0 0 0 2iλ
0 0 0 −γ 0 0 0 −iλ iλ 0
0 0 0 0 −2iω2 − γ 0 −2iλ 0 0 0
0 0 0 0 0 2iω2 − γ 0 0 0 2iλ
0 −iλ 0 0 −iλ 0 −iω12 − γ 0 0 0
iλ 0 0 −iλ 0 0 0 −i∆ω − γ 0 0
−iλ 0 0 iλ 0 0 0 0 i∆ω − γ 0
0 0 iλ 0 0 iλ 0 0 0 iω12 − γ

(25)
with ω12 = ω1 +ω2 and ∆ω = ω1−ω2. The time depen-
dence of the number operator, a†1a1, of the first oscillator
follows via matrix exponentiation,
a†1a1(t) = f(t)a
†
1a1 + g(t)a
2
1 + h(t)a
†2
1 + j(t)a
†
2a2
+ l(t)a22 +m(t)a
†2
2 + n(t)a1a2 + p(t)a1a
†
2
+ q(t)a†1a2 + r(t)a
†
1a
†
2 + s(t). (26)
The various functions appearing in Eq. (26) are given by,
f(t) = e−γt
(
δ2 + 2λ2 + 2λ2 cos zt
)
/z2, (27)
j(t) = −2λ2e−γt (cos zt− 1) /z2, (28)
p(t) = λe−γt (−δ + iz sin zt+ δ cos zt) /z2, (29)
q(t) = λe−γt (−δ − iz sin zt+ δ cos zt) /z2, (30)
r(t) = 0, g(t) = 0, h(t) = 0, (31)
l(t) = 0, m(t) = 0, n(t) = 0, (32)
together with
s(t) =
1
z3 (γ2 + δ2 + 4λ2)
e−γt
× {z [(γ2 + z2) (δ2n1 + 2λ2(n1 + n2))
− z2eγt (n1 (γ2 + δ2)+ 2λ2(n1 + n2))]
+ 2γλ2(n1 − n2)
(
γz cos zt− z2 sin zt)} . (33)
For λ = 0, Eq. (26) simplifies to a†1a1(t) = e
−γta†1a1 +
(1− e−γt)n1, as expected for a thermal oscillator [26].
Response for the two-oscillator model for δ = 0. We
here explictly show that the steady-state response may
be different from zero in cases where the equilibrium
response vanishes. For zero detuning, δ = 0, the per-
turbation commutes with the unperturbed Hamiltonian,
[H0, HI ] = ~ω1[a†1a1 + a
†
2a2 + λHI , a
†
1a2 + a1a
†
2] = 0,
implying that the response vanishes for a thermal state.
However, in that limit the response function (11) reads,
Rδ=0(τ) = e−γτ∆nγ 2λ cos(2λτ) + γ sin(2λτ)
(γ2 + 4λ2)(β1~ω1)−1
, (34)
which is in general nonzero. The thermal response thus
vanishes for λ 6= 0, while the steady-state response is
finite. In the thermal limit, λ → 0, Eq. (34) clearly
vanishes, as it should.
